Computer simulations of radio-frequency (RF) waves propagating across a two-dimensional (2D) magnetic field into a conducting boundary are described. The boundary condition for the RF fields at the metal surface leads to the formation of an RF sheath, which has previously been studied in one-dimensional models. In this 2D study, it is found that rapid variation of conditions along the sheath surface promote coupling of the incident RF branch (either fast or slow wave) to a short-scale-length sheath plasma wave (SPW). The SPW propagates along the sheath surface in a particular direction dictated by the orientation of the magnetic field with respect to the surface, and the wave energy in the SPW accumulates near places where the background magnetic field is tangent to the surface.
I. INTRODUCTION
Radio-frequency (RF) waves in the ion cyclotron range of frequencies (ICRF) are commonly used to heat the plasma and drive currents in tokamak experiments. While many successes have been achieved with the application of ICRF auxiliary power, it has been known for some time [1] that undesirable interactions of high power waves with the plasma boundary and material surfaces can sometimes occur. A prime candidate for explaining these interactions is the mechanism of RF-driven sheaths [1] [2] [3] [4] [5] [6] [7] [8] which have been shown in experiments and modeling studies to describe qualitatively, and sometimes quantitatively the observations of enhanced plasmas potentials, local surface heating, enhanced impurity sputtering and loss of RF power in the boundary. Both RF interactions with the launching structure and so-called far-field sheath interactions [32, 33] with more distant surfaces are of interest.
Early theoretical work and modeling calculated RF-driven sheath potentials and assessed their consequences assuming the RF wave fields were given. In practice, these fields were taken from wave-solvers which did not incorporate sheath physics, and in the case of antenna modeling, for wave solvers which used vacuum rather than plasma in the volume immediately surrounding the antenna structure. More recently, there has been an effort to calculate the RF fields self-consistently in the presence of RF sheaths. Because sheaths occur on the scale of the Debye length, which is much smaller than domain sizes or RF wavelengths of interest for fusion applications, approximate RF sheath boundary condition approaches have been developed [34] [35] [36] [37] [38] . These approaches effectively treat the sheath as a thin vacuum layer, and thus capture the important effect of sheath capacitance on the boundary. In principle, this kind of approach should permit a wide variety of interesting RF-surface interactions to be modeled with greater realism than has been possible up until now.
In the present paper, we take a step in that direction, building upon previous work [37] in which a new code, rfSOL [38] , was employed to study aspects of self-consistent wave propagation and sheath interaction in a two-dimensional (2D) slab geometry. Various phenomena seen in simpler analytical models [34, [39] [40] [41] [42] such as multiple roots, hysteresis effects, and the presence and characteristics of the sheath-plasma waves [43] [44] [45] [46] , were studied numerically in the presence of spatially varying plasma density and background magnetic field.
Like the previous work, the present study also employs 2D geometry in a rectangular domain. However, here, one seemingly innocuous new feature is introduced which turns out to have profound physical implications: we allow variation along the sheath surface such that the background magnetic field can be tangent to the surface at one or more points. These tangency or near-tangency interactions are the focus of our paper. We will show that they play an important role in governing the distribution of wave energy and induced potentials along the sheath surface, and thus are of paramount importance for understanding the nature of RF wave interactions with surfaces in more realistic geometries. More generally, we will show that rapid variation of conditions (in particular, the background magnetic field to surface contact angle) along the sheath boundary promotes strong RF-sheath interactions.
In passing, we note that the rapid variation of this contact angle at the main limiter was invoked to explain the experimental observation of large ( V 100 > ) plasma potentials far from the antenna in Alcator C-Mod [47] . This conclusion was reached using a one-dimensional (1D) model [48] . The present 2D treatment of a conceptually-related problem is an important step forward towards realistic modeling.
The plan of our paper is as follows. In Sec. II we briefly summarize the basic model for sheath-plasma interactions and provide references to underlying work. The numerical model is described in Sec. III, with results for evanescent slow wave (SW) interactions presented in Sec. III A and propagating fast wave (FW) sheath interactions presented in Sec.
III B. Our conclusions are given in Sec. IV. Details of an analytical model for sheath-plasma wave (SPW) propagation along the surface are given in the Appendix.
II. MODEL FOR SHEATH-PLASMA INTERACTIONS
In this section, we briefly summarize the equations that govern the behavior of plasma waves in the scrape-off layer (SOL) and the interaction between the ICRF waves and the sheaths on metal surfaces. Since the details are described in our previous papers [37, 38] , we will not repeat all of them here. In the following analysis, we assume that only deuterium is considered as an ion species; however, the formalism is easily generalized to different or multiple species by appropriate modifications to the dielectric tensor.
The governing equation for plasma waves in the SOL is a combined form of Maxwell's equations described as ; otherwise, the right-hand side of Eq. (2) is negligible. In a manner consistent with the Child-Langmuir law [50, 51] , the sheath width is written as follows: 
where e is the electric charge, sh C is an order-unity constant relating the rectified and RF potentials (which is fixed at 0.6 in this study), e T is the electron temperature, and De l is the electron Debye length defined as The combined form of Maxwell's equations and the sheath BC are self-consistently solved with the rfSOL code, which is based on a finite element method as presented in Ref. [38] . The calculations are performed on the Hopper Cray XE6 computer system at the National Energy Research Scientific Computing Center (NERSC).
III. NUMERICAL SIMULATION OF SHEATH-PLASMA INTERACTIONS
In our previous work, we have mainly analyzed 2D sheath-plasma interaction problems for spatially constant background magnetic fields [37, 38] . In the present numerical analysis, we consider solutions of the sheath-plasma interactions for spatially varying background magnetic fields whose flux surfaces have tangency points at a boundary. This magnetic field configuration actually happens with limiter surfaces in a tokamak. Figure 1 shows the problem definition which corresponds to some extent to a simplified geometry of the edge plasma region including an antenna in the poloidal cross-section of a tokamak. The origin in the Cartesian coordinate system is placed at the bottom-left corner of the domain. The electric field is solved subject to the sheath BC on the right-hand side, the conducting-wall boundary condition (conducting-wall BC) on the left-hand side, and a periodic boundary condition that connects the top and bottom of the domain. The antenna surface current is given by a sine function in the y direction as follows: ) and is zero at the two ends. In Eq. (5) 
. The model magnetic field of Eq. (8) is not meant to map literally to tokamak geometry, but is intended only to enable conceptual points to be addressed in the present paper -in particular as will be evident from All the calculations in this study will be conducted with a linear sheath BC, in which the electric field contribution to the sheath width (i.e., the first term of Eq. (3)) is omitted.
However, it is important to mention that the sheath width varies along the sheath surface (i.e., ( )
) due to the definition of th C (see Eq. (4)) in conjunction with the spatially varying background magnetic field given in Eq. (7). We will show that this variation controls the strength of the interaction of waves with the sheath and the propagation of SPWs.
A. Evanescent plasma wave-sheath interactions
We consider first the sheath-plasma interactions for evanescent waves and investigate the role of flux-surface tangency points at a boundary. Based on Fig ) from which the magnetic field lines inside the plasma are seen as convex and concave curves are simply called the convex and concave tangency points at the sheath surface, respectively). While the present geometry is too simple to apply directly to a tokamak, in general the complex magnetic fields of shaped diverted plasmas, and realistic vessel walls can exhibit both types (convex and concave) of interactions. This is also confirmed in Fig. 3 , which shows the variations of the real part of the parallel electric field component along the sheath surface for two different boundary conditions at the right wall; here, the result obtained by imposing the conducting-wall BC, 0 E = t , is added for comparison. It is seen that the SPW is generated only by imposing the sheath BC. Furthermore, it is important to notice that the SPW is driven in the narrow region within which the magnetic field lines connect the antenna to the wall and accumulation of its energy occurs at the convex tangency point. (This in spite of the fact that the concave point is closer to where the field lines strike the wall. In this regard we find that the placement of the antenna influences the field strength and pattern, but not the tendency for SPW accumulation at the convex point.) The next part of this section will be devoted to clarify the mechanism of this phenomenon.
B. Electromagnetic SW-SPW dispersion relation
The physics involved in Fig. 2 or 3 can be uncovered by using the following two equations, which are derived in Appendix: As discussed in the Appendix, Eq. (9) is the local EM (electromagnetic) SW dispersion relation in the volume, and Eq. (10) is the appropriate boundary condition at the sheath surface. We solve the two equations simultaneously for complex x k and y k with w , z k , and local values for the plasma parameters given as described above. Also, note that the sheath width is calculated using Eqs. (3) and (4) (here, the first term in Eq. (3) is neglected).
The unit normal to the sheath (pointing into the plasma) is in the We can make a physical argument as to why the red mode should be preferred over the blue one. There is no apparent source of free energy or instability in the physics model of Eqs.
(9) and (10), which is local in y on the sheath surface, and therefore does not know about gradients of the background magnetic field. Thus, we hypothesize that only the red mode which decays in the direction of energy propagation is physical. It must be admitted that growing modes do in fact happen in physical systems, sometimes with very subtle sources of free energy. However, in this case we judge a root to be physical not only by considering the analytical theory and stability arguments but also by comparison with numerical results.
Evidently, it is the red (stable) mode that explains the difference of the convex and concave points observed in the numerical result. The red mode propagates energy away from the concave point and towards the convex point. The dramatic slowing of the group velocity (7) and (8)) affect the SPW interactions in the present case. In Fig. 6 , the profiles of and it makes a transition from zero sheath width at the tangency point to finite sheath width within a short distance away in y (see Fig. 8 ; here, the phase shift Θ is set at zero). This variation of sh D implies variation of the boundary condition that is seen by the incident RF waves. Rapid scale variation (comparable to or shorter than the incident wavelength) implies a breakdown of eikonal theory, and promotes strong coupling from the incident branch (here the SW) to the short-scale SPW.
C. Propagating FW-sheath interactions
In this section, we show that the wave-sheath interactions described in Sec. III A (e.g., the coupling of an incoming wave to the SPW, and the special role of magnetic tangency points) are not purely a SW phenomenon. We examine a case with the same parameters as described in the first paragraph in Sec. III A, except that the spatially constant plasma density is fixed at . The density is high enough that the FW propagates and the SW is highly evanescent (see Fig. 9 ). Recall that the conducting-wall BC is imposed on the left-hand side of the domain (as shown in Fig. 1 ) and thus the configuration of the model corresponds to a waveguide rather than a tokamak SOL; however, our model is sufficient to investigate the key mechanism in propagating FW-sheath interactions. For the antenna-wall spacing used here, the || E component shown in Fig. 9(a) is small except at the sheath. Unlike Fig. 2 , || E at the sheath does not appear to result from a direct field line connection with the antenna. In fact, we infer that the || E at the sheath is due entirely to the SPW. Note that y E^ in Fig. 9(b) is much larger, and the corresponding wave propagates across the background magnetic field to the wall. These are the characteristics of the FW. , along the sheath surface for this case with an incident propagating fast wave. As in the SW examples in Sec. III A, the incoming wave couples to a short-wavelength mode on the sheath, and this coupling occurs only when the sheath BC is used. The short-wavelength mode disappears when the conducting BC is used. This shows that the sheath capacitance is needed for the existence of the wave, and confirms its identity as a SPW. Finally, note that the SPW accumulate preferentially at the convex point.
D. Discussion
We have shown that sheaths driven by incident (evanescent) slow waves and propagating fast waves in 2D magnetic field geometry have many similarities. In both cases, there is a spatial localization of the energy along the sheath surface which is influenced by varying geometry along that surface and in particular by the presence of magnetic field tangency points.
Let us consider at a heuristic level why fast and slow waves incident on a sheath generate the SPW. Our basic postulate is that the degree to which the incident waves and the boundary conditions fail to conform is what excites the SPWs. The total wave solution (incident, reflected and sheath plasma wave) must of course satisfy the boundary conditions.
If the incident wave has a long scale length and there is rapid variation in the boundary condition along the surface, then short scales length modes must necessarily be generated. To make this more precise, we define a scale length sh L along the sheath surface as the 
IV. CONCLUSIONS
In this paper, we have studied the problem of sheaths created by RF waves incident on a conducting wall for the case of 2D curved magnetic fields with tangency points at the sheath
surface. An important element in the model is the propagation of a type of surface wave on the sheath called a "sheath plasma wave" (which is abbreviated as SPW). It was shown that allowing spatial variation along the sheath introduces new effects not obtainable in previous 1D sheath models, such as localized deposition of wave energy at the convex tangency points. This is expected to be relevant to the formation of localized hot spots on the bounding surfaces, which are commonly observed on powered ICRF antennas, but further work is necessary to establish this point.
The present modeling suggests that the variation of conditions (in particular, the background magnetic field to surface contact angle) along the sheath tends to enhance the RF sheath potential and lead to stronger sheath-plasma interactions. Recent work has explored this effect using a qualitative 1D model in connection with the observed large SOL plasma potentials on Alcator C-Mod [47, 48] . The present work underscores the need for an accurate treatment of the geometry of the plasma boundary in order to get quantitative results for RF-plasma interactions. 
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APPENDIX: EM SPW DISPERSION RELATION IN A TILTED BACKGROUND MAGNETIC FIELD
The SPW dispersion relation in a homogeneous plasma is given by the simultaneous solution of the dispersion relation in the plasma volume and the sheath BC. As we have described in Ref. [37] , in the electrostatic (ES) case one can obtain two scalar equations, which allow a unique solution for x k and y k (the wavenumber components normal and tangential to the sheath surface, respectively) assuming w and z k are specified and equilibrium quantities are known. Here, z is the other direction tangential to the sheath surface, but normal to the simulation plane. The EM SPW problem is fundamentally different.
For the EM SW, the dispersion relation is written as The sheath BC is written as Eq. (2) which is a vector equation with two non-trivial components. Consequently, the EM case gives three scalar conditions: a dispersion relation, and the two components of the sheath BC. This indicates that the SPW cannot exist as a true eigenmode of the system in the EM theory; instead, it is observed to be driven in EM problems even when the FW is the primary mode making contact with the wall. In this sense, we may say that the EM SPW is a quasi-mode (i.e., an oscillation which exists only in the presence of a driving force, but is in some sense close to an eigenmode of the system). To describe it approximately, we rewrite Eq. (2) as the two equivalent conditions , n sh
and then retain Eq. (A2) which has the sheath physics, and neglect Eq. (A3). In reality, we assume that Eq. (A3) is ultimately satisfied by including the coupling of the driving mode as described in Ref. [33] .
To formulate the EM problem, let us express the electric field as follows:
where A is the vector potential and || A is its component parallel to 0 B . Since we focus on the interaction between the SW and the sheath here, the vector potential is approximated to
(where I is the unit tensor) one obtains
Next, we extract coupled equations for F and || A by dotting Eq. (A6) with n and b to obtain ( ) ,
Substituting the expression for the dielectric tensor 
